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Resonance patterns observed in 2D PISEMA (polarization in-
version spin exchange at magic angle) spectra from a transmem-
brane a-helix have been demonstrated to yield structural details of
the protein. This paper presents a mathematical discussion of the
PISEMA powder spectrum as the image in the frequency plane of
a quadratic function from the sphere of unit vectors. The simplicity
of this function allows easy calculation of the powder spectrum.
Based on this analysis of powder patterns, four degeneracies are
discussed which arise in determining possible orientations associ-
ated with PISA spectra. This paper also gives parametric equations
for PISA wheels, which are specific patterns observed in PISEMA
spectra of oriented peptides. These wheels are useful both in assign-
ing the resonances and in determining the orientation of the helix
with respect to the magnetic field. The union of these PISA wheels
gives the entire powder spectrum.  © 2001 Academic Press

Key Words: PISEMA, solid-state NMR; powder pattern; PISA
wheel; membrane protein.

1. INTRODUCTION

done in terms of several parameters, including the principal val
ues of the two tensors and the polar angleand 8 expressing
the unique principal axis of the dipolar tensor in the principal
axis frame of the chemical shift tensor. Powder spectra for suc
paired interactions have been discussed previously by Linde
et al.(6), and the general outlines of the spectrum were termet
ridge plots Mostrecently, Balet al.developed a program, called
SIMPSON, for simulating solid-state NMR spectroscopy which
can calculate PISEMA powder spectra directly from the Hamil-
tonian (7). Other recent discussions of PISEMA powder spectre
include 6, 8-1).

In light of the usefulness of PISEMA powder patterns and
PISA wheels for obtaining structural information about trans-
membrane peptides, this paper is a mathematical discussion
computed PISEMA spectra. First, powder spectra are given a
the image in the frequency plane of a function from the unit
sphere. The simplicity of this function allows calculation of the
ridge plots of PISEMA powder patterns without using Hamilto-
nians giving results very close to those foundén®). Then, a

Resonance patterns observed in 2D solid-state NMR frdf@mplete analysis of the degeneracies in PISEMA data is pre

transmembrane—helices ang3—sheets provide structural de-

tails of the molecule¥-3). The PISEMA (polarization inver-
sion spin exchange at magic angle) experimdhtcorrelates

sented, including straightforward formulas for determining pep-
tide plane orientations from PISEMA resonances and a metho
for obtaining the sign of the dipolar interaction for PISEMA

anisotropic dipolar and chemical shift interactions for labeld§SOnances in certain regions of spectra. These computatio

proteins. The patterns observed in PISEMA spectra for o

ented, labeled proteins have been terfeldr Index Slant Angle
(PISA) wheelq1, 2). These wheels are useful both in assig
ing resonances and in determining the general orientation
a-helices angB-sheets with respect to the magnetic field. Fu
ther, PISEMA spectra of powder samples provide information

the general orientation of molecules that undergo axial rotatidl

without orienting the sampléy). Together with the high resolu-

fan then be applied to data for the M2 transmembrane pey
tide from influenza A and for gramicidin A. Finally, the mathe-

fnatics of creating PISA wheels are discussed and applied to

typ-parameter model of an ideal helix to produce parametric
gquations for PISA wheels and the resonance patterns on tt

Y¥heels. Using this approach as a model of the M2 transmenr

ane peptide, we give an example of a mathematical metho

for fitting an ideal PISA wheel to actual data.

tion seen in PISEMA spectra, these capabilities make PISEMA

experiments into powerful tools for obtaining structural infor-
mation about membrane proteins, which are frequently difficult

to study using X-ray crystallography or solution NMR.
To examine the nature of PISEMA spectra, a general disc
sion of paired dipolar and chemical shift interactions can

1 To whom correspondence should be addressed. E-mail: de@wercer.
edu.
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2. THEORY

A PISEMA experiment measures two tensors evaluated at

d‘é‘.it directionB for the magnetic field. This can be considered

é(perimental determination of the value of a function from the
unit sphere to the frequency plane. Here the case of a chemic
shift tensoro and a dipolar splitting tensor is considered,

and the value of the function in the frequency plane is denote
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7(Bo) = (o, v), whereBg is a vector witBo| = 1. Thisfunction Wwith x2 + y? + 72 = 1. Given inPAF coordinates X, y, 2),

will be called thePISEMA function the functions (Bo) = (o, v) will be denotedr (x, y, 7). These
The chemical shift tenser is an asymmetric tensor. Its prin-equations show that andv are invariant under the inversion
cipal axis frame is denoted sending k, y, z) to (—x, -y, —2).

... Whena = 0°, the equations in [1] become
PAF = (011, 022, 033),

and the corresponding principal values are denetedr,,, and 0 = 011X% + opY? + 03372
033, With 011 < 025 < o33. The value ot is given by

V= %(B(Sinﬂx + cospz)’ — 1). .

o = 011 (Bo - 511)° + 022 (Bo - 522)° + 033(Bo - 533)°.
The dipolar tensop is traceless and axially symmetric withThese equations demonstrate thai ¥ 0, theno andv are

unique rotation axisi in the direction of a covalent bond.ff invariant under the reflection sending, /, z) to (x, -y, z) as
is the value of» whenBg = T, then well as the rotation sending(y, ) to (—X, y, —2); thus,

v 2 o
b= EH(S(BO ’ U)2 B 1) 7T(X, yv Z) = JT(X, _y’ Z) = JT(—X, y? _Z) = JT(—X, _y9 _Z)'

Because of the doublet splitting of the dipolar interaction, only (3]

the absolute value afcan be experimentally determined. In the

Results and Discussion section, methods of obtaining the sign 3. MATERIALS AND METHODS

of v from PISEMA spectra for resonances in particular regions

of some spectra will be described. The calculations for this paper were performed on a Macin

The polar angles giving the rotation axis of the dipolar tenesh computer with a 333 MHz G3 processor and on a Gatewa
sor in the principal axis frame of the chemical shift tensor ammputer with a 350 MHz Celeron processor. The computatiol
denotedr andg, as in 6). Thus,« andp describe the relative programMaple 6(Waterloo Maple, Inc.) was used for numeric

orientation of the two tensors (see Fig. 1), and and symbolic computations.
R o _ o R PISEMA data for oriented samples of the M2 transmembran:
U = cosa sinfo11 + Sina Sin oz, + COSPo33. peptide of influenza A are used in computations in the following

] ] ] sections. From Songt al. (12), the chemical shift£3 ppm)
To write equations for the PISEMA function, let (x, y, 2)  and dipolar splittings+1 kHz) written as ordered pairs (v) at

be the coordinates @, in PAF. Then several sites are: V(135 ppm, 6.85 kHz), VAf (106 ppm, 2.0
) ) ) kHz), 1e%2 (129 ppm, 2.2 kHz), II€¥ (168 pmm, 3.75 kHz), I
0 =on X" +o02y +o033Z
(118 ppm, 5.3 kHz), I (124 ppm, 4.4 kHz), and Ifé (127
b= ﬂ(S(COSa sing x + sina sinB y + cosg 2)% — 1), ppm, 6.6 kHz). The average valu_es of the ch_emigal shift tens_c
2 elements for these sites are used in computations in the followin

[1] sections. Based on data from Soegal. (12), these average
values arer;; = 31, 09, = 55, andozs = 202 ppm. The®N-H
dipolar coupling constantis taken tole= 10.735 kHz. Finally,
the polar angles of the rotation axis of the dipolar tensor in the
principal axis frame of the chemical shift tensor are taken to b
a=0andg=17,asin g, 12.

PISEMA powder pattern data from Mat al. (13) for gram-
icidin A are also used in calculations below. For these dats
011=-—60, 022=-37, ando33=98 ppm relative toois, =
0 ppm. Also, the polar angles of the rotation axis of the dipolat

' (522 tensor in the principal axis frame of the chemical shift tensor are

> againy = 0° andg = 17°. Asin (5), the!®>N—'H dipolar coupling

constant is taken to bg = 11.335 kHz.

—
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o1/ O 4. RESULTS AND DISCUSSION

4.1. Orientations and Powder Spectra

FIG.1. The polar anglesy andg, give the orientation of the rotation axis, 'lf the .coordinates?(, Y, z) of Bo are known i”_DA!:a the'n th?
@i, of the dipolar tensor in the principal axis frame of the chemical shift tensoprientationof PAF with respect to the magnetic field direction
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is known; i.e., thd®AF is known in the laboratory frame up to a
rotation abouBg. As in (14), this orientation is reported using 10}
the Euler angleg andé of the PAF in the laboratory frame so
that (x, y, z) = (cos¢ siné, sing sind, cosy). A PISEMA pow-

der pattern is the image under the PISEMA function of all pos-
sible orientations oPAF in the laboratory frame. Mathemati-
cally, this is equivalent to saying that a PISEMA powder pattern
is the image under the PISEMA function of all possible ori-

dipolar (kHz)
(@]

entations oﬂ§0 in the PAF. Thus, giyen a PISEMA resonance -5t

(o, v), the number of orientations & in PAF with 7(Bg) =

(o, v) is the number of orientations ¢fAF consistent with a 1ok

solid-state NMR anisotropic observation ef §) for the given _ . . .

resonance. 250 200 150 100 50 0
Considering just one transition of the doublet in the dipolar chemical shift (ppm)

interaction, the ridge plot of the powder spectrum of a PISEMA

gXpe”mem IS boundary of the set of pOIm(ﬁO) = (G’ v) forall 55 ppm, andrz3 = 210 ppm. UsLng the PISEMA function, the orientation of

Bo on the unit sphere, i.e., the set Of_ aII_points satigfying EQ. [BhF with 5,5 in the direction ofB is mapped to the poirR. The orientation
for some &, y, z) on the sphere. This ridge plot will be calledwith 5, in the direction 0B is mapped taQ, and the orientation witks3 in

thesinglet powder patterrif the doublet is taken into account,the direction 0By is mapped tP. Note that the PISEMA function covers each
the powder pattern is the singlet together with its reflectidigintin the interior of the triangle 8 times.
in the linev = 0.
The intensity of the singlet pattern at a given resonaace)(
is relf':lted to the number of orientations for which th_e PISEMfy the points
functionz producesd;, v). Equation [1] shows that this number
is at most 8, since three quadratic equations, in general, have at
most 8 solutions. Ifs = 0°, Eq. [3] shows that there are atleast 4

FIG.2. Asingletpowder patternwitla = 0°, 8 = 0°,011 = 35ppmgg2 =

P = (0’33, V|| (3 CO§ﬂ — 1)/2),

solutions if g, v) is in the powder pattern. Since this number of Q = (022, —v;/2).

orientations is greater than one, there are cedegeneracies

or ambiguities that arise in finding orientations from PISEMA R = (011, v(3sirf g — 1)/2),

data. Understanding bo_th .the nature of these degeneraci.es and S = (033Sir B + 011 O B, —v;/2), and
the process of how to eliminate them are important steps in ob-

taining orientational information from PISEMA data; this prob- T = (033 COS B + 011 SN’ B, 1)),

lem will be addressed in the next section.

Having discussed orientations, shapes of powder patterns &@epectively (see Fig. 3).
now considered. The powder pattern corresponding #00°  To verify that the powder pattern shape in this case is ar
andg = 0° is easiest to examine. Here the orientation oRRA& ellipse, substitutey =0 in Eq. [2] and eliminate the variables
with &1 in the direction o, is mapped by the PISEMA func- X andz. The result is an implicit equation for the ellipse in the
tion to the pointR = (011, —vy/2) in the frequency plane. Simi- frequency plane with no units present, which can be plotted usin

larly, the orientation witl#,, in the direction 0B, is mapped to theMaplecommandmplicitplot . The ellipse equation is
Q = (022, —v;/2), and the orientation withis3 in the direction
of Bg is mapped td® = (o33, —v;/2). From Eq. [2] it is easy to (b —cosPBé —si B)?> =6(1—6)sin28 [4]

see that the circle = 0 on the sphere maps onto the line joining
the pointsP andQ; the circley =0 maps onto the line joining

P andR; and the circlez=0 maps onto the line joinin@® and where

R. The PISEMA functionr maps the octarx > 0,y > O, . o—opn

z > 0 of the sphere one-to-one onto the interior of the triangle o= .

formed by the point®, Q, andR (see Fig. 2). Every point of [5]
the interior of this triangle is covered 8 times by because all o _ }(@ 4 1)

8 of the points £x, 1y, £7) are mapped onto the same point 3\ '

(o, v).

Next, consider the cage= 0 and O< 8 < 90°. In this case, To complete the description of this powder pattern, note tha
the circley=0 on the sphere maps to an ellipse rather thayreat circles on the sphere containing and —a,, go to lines
a line. Unit vectors of interest on this circle afgs, 620, 011, that extend from the poir(bzz, —v||/2) to points on the ellipse.
Ut = 622 x U, andu; the PISEMA function maps these vectord he singlet powder pattern for this case is shown in Fig. 3.
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4.2. Degeneracies

The PISEMA functionr maps orientations on the sphere to
the frequency plane. To obtain orientation information about ¢
peptide plane from a PISEMA spectrum, the PISEMA function
must be inverted (i.e., find the orientation B§ that produced
a particular resonance in the PISEMA spectrum). This involve:
solving the equations in [1] foi( y, z), with x? + y? 4 7% = 1.

It has been shown in the above sections, using the powder spe
trum, that this system of equations has several solutions givin
rise to degeneracies, or ambiguities, in the orientation of th
principal axis frame. A further complication is that| is the
observable, and the sign ofis not known. Thus, orientation
information about peptide planes can only be determined if th
degeneracies are resolved. The calculations below are done {
, . . thea = 0° case and then the 0 case. Subsequently, ttae= 0°

right boundary lines are = o33 ando = o711, respectively, and the top and . . .

bottom lines are = v andv = —‘% respectively. The orientations of tRAF _Case is applied to data for the M2 transmembrane peptide frol
With G33, 622, 511, U = 622 x U, andl parallel toBy map to the point®, Q, influenza A.

R, S, andT, respectively. The PISEMA functiom maps 4 points on the unit ~ For thea = 0° case, suppose that a resonance in a PISEM/
sphere ont_o e_ach point in the Iight gray region and 8 points on the unit sphgrﬁectrum has chemical shiftand dipolar Splittingv|. To de-

to each pointin the dark gray region. scribe the multiple solutions to the equations in [2] fery, z)
with x?+y?+27% = 1,asequence @f1 valuesgj, j = 1,2, 3,4

is defined. The firsts;, describes the sign degeneracyof

FIG. 3. A singlet powder pattern with = 0° andg = 17°. The left and

Finally, consider ther # 0 case. The general equation for

in Eq. [1] depends on the square of the dot product
I . . v =¢1|v]. [7]
U- Bg = (cosux + sinay) sin + cospz. [6]
With this notation, finding the orientation of the chemical shift

When|sing| is relatively small, the influence of the angleon  principal axis frame with respect &y requires solving the sys-
the value of the dipolar splitting is severely limited. Thus, for tgm

small|sing|, PISEMA powder patterns with = +15° are all
essentially the same shape as seen abovefo0. When|sin | 1=x>+y?>+ 7

is large, the powder pattern shape is greatly influenced by the V) . 9

value of«, and a wide array of shapes arise as showg,iQ). euvl = E(S(Smﬁ X+cospz)”—1) (8]
Such powder patterns can be produced using the PISEMA func- 0 =011X2+ 02 Y% + 0337%

tion by plotting the images under of a large number of great

circles on the sphere. for x, y, andz.

In membrane proteins, small values |sfng| are encoun-
tered in practice. For the M2 transmembrane peptide and for

gramicidin A, the angle8 has been determined3) to be 17, 10
which has been shown to be typical f6iIN chemical shift
tensors in nonglycine amide$3-17. The simulated ellipses 5-

for the doublet powder pattern for gramicidin A are shown in
Fig. 4 and are similar to the powder pattern foundsh Using

Eq. [4], the foci of the ellipses can be found and used to com- 0
pute the slopes of the major axes. These values are found to be
+0.254 kHz/ppm, which compare favorably to the experimen- 5

tally determined slopes af0.270 kHz/ppm reported irbj.
The influence of the angle is also very limited in residues
whose the unique axisi, of the dipolar interaction is approxi-
mately parallel takBo. In this caselz| is close to 1 andx|, || 100 80 60 40 20 O 20 40 60
are close to 0 in Eq. [6]; hence, the valuecohas little effect
on PISEMA spectra of such residues. This situation arises irFIG' 4. A simulated doublet PISEMA powder pattern based on data for

iented | f b tei hich h I irgmicidin A. The slope of the major axes of the ellipses are computed to b
orienied samples or membrane proteins which have a small I 554 kHz/ppm. The shape of the powder pattern and the slope of the majc

with respect to the magnetic field direction, e.g., the membrag@s of the ellipses compare favorably with the experimental spectrum foun
peptide AChR M2 (18). in (5).

-10-
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The value ofs, describes the sign degeneracy in solving the The powder spectrum analysis in previous sections gives in

second equation in Eq. [8], formation on the degeneracies, ¢3, ande4. Since the values
of ¢; are+1, there are a total of*2= 8 possibilities. The only

_ 1/ 2e1|v| equation to restrict possibilities is Eq. [11], whose solution must
SinB X+ cosBz=ey 3 ( " + 1>. [9] beintheinterval from-1to 1. If (o, v)is in the elliptical section

of the powder pattern (see Fig. 3), then the only two of the com

T d ival Eq. 18], solve the ab binations of €,, £3) that give suitable solutions for are those
0 produce a system equivalent 1o Eq. [8], solve the above eqﬂﬂ’whichez andez have opposite sign; this is why there are only

tion for z apd substit_ute ?nto the third equation iq Eq. .[8]' Nextoyr solutions fork, y, z) for (o, v) in this portion of the powder

sqlve the f'.r5t equ'atlon in Eq. [8] fm.z and substitute into th? spectrum. Thus, Egs. [9], [11], and [12] give a straightforward

third equation. This creates the equivalent system of equatio thod for finding orientation( y, z) associated with a given
PISEMA resonance whean = 0°.

— y2 2 2
l=x"4+y +z For the case # 0°, finding the orientation of the chemical

0 = (011 — 033) X* + (022 — 033) Y + 033 17 Shift principal axis frame with respect B requires solving the
o = (011 + oatar? B) X2 + o2 Y2 [10] system in Eq. [1] withx? + y? 4+ 72 = 1. As in thea = 0° case,
— 2690550 X + 033 COR B 92, z can be eliminated from the equations in Eq. [1] to obtain a
system
where
1=x2+y*+7
~ 1 [ 2eq|v] o = (011 — 033)X? + (022 — 033)Y* + 033
U = tang secp 3 < o 1) o = (011 + 033C0S « tar? B) x? 4 o33 Sin(2x) tar? B xy
+ (0'22 + 033 sir? « tarf ﬂ)y2 — 285033C0Sa U X
To find x, solve the second equation in Eq. [10] fgt and + 262033SiNa D Y + 033c0L B 12,
substitute into the third equation. This gives a quadratic equation [13]
of the form where
Ax? — 2¢,Bx+C =0,
. 1 (2eq)v]
v =tangsecs. [ = +1).
where 3\
022(033 — 011) Geometrically, the last two equations in Eq. [13] above de-
A= g4+ === ; . § :
on+osstamf+ 022 — 033 scribe ellipses in thexy plane. These equations can best be
solved forx andy using numerical methods to find the inter-
B — oxstang sech } (281|V| n 1>’ sectﬁon of these ellipses. In thi; process, two sign deggneracic
3 V| are introduced so that there will be 0, 1, 2, or 4 solutions for

(x, y), depending on the values 613, 022, o33, v}, @, andg.
M, Finally, having solved fox andy, the value ofz can be found
022 — 033 using the conditiorx? + y? + z2 = 1, which introduces a fifth
sign degeneracy. Thus, far£ 0, there are 5 sign degeneracies
to produce a total of 0, 8, 16, or 32 orientations for each giver
PISEMA resonance.
X — £2B +e3v/B2— AC [11] There has been no discussion of the degenetaso far;
A ’ however, the powder spectrum does give some information ol
] ] . ) 1. The dipolar splitting lies in the interval from-v; /2 tov;.
and this defines;. The final degeneracy, is then encountered grom this information alone, we know that|if| > v;/2 then
when solving fory, the sign ofv must be+1, but we have no information on the
sign of v if |v| < v;/2. This means that 1D spectra give little
y=¢g4v1—x2— 22, [12] information about;.
For situations in whiclx = 0° or |sin8| is small, the 2D pow-
Thus, if the values of;, for j =1, 2, 3,4, can be determined der pattern gives more information en Figure 5A shows the
(or judiciously guessed based on other known structures), thgper half of the doublet powder pattern divided into three dis-
PISEMA function can be inverted to give orientation informajoint regions A, B, and C. All of the resonances in region A must
tion. havee; =+1, since region A lies on one side of the symmetry

C=

o335eC B (251|v|

3 +l>—a+

Y

This equation can be solved using the quadratic formula
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z

certainchiral degeneracies due to the invariancerofvith re-
spect to the reflection sending, (y, 2) to (x, —V, 2).

Rather than determining all the structural parameters, often
better approach is to begin with a simpler two parameter mode
for each helical segment and then refine the model further. Whe
a PISEMA experiment is performed on arhelix, a recogniz-
able pattern of resonances occurs. The orientation of the hell

<

dipolar (kHz)
o)<

0 with respect to the magnetic field is then determined from thi:
(B) pattern. The orientation of a regular, straigktelix is described
in terms of two parameters: a tilt stant angler and a rota-
< 11} tion angle ompolar indexpo which will be described below. The
E termPolar Index Slant Angle (PISA) whedgscribes a particu-
?a’ 5| lar fourth order curve that fits a resonance pattern which occut
g when the helix is tilted at an angtewith respect to the magnetic
£
0 TABLE 1
Orientations Computed Using Data for M2
chemical shift (ppm) Transmembrane Peptide
FIG. 5. (A) The powder pattern foro( |v|) gives added insight into the Residue Degeneracies Orientation information
degeneracy;. If the resonance is in the section labeled A, then the sign of
is &1 = +1; if the resonance is in the section labeled C, then the signisf f1 &2 &3 &4 X y z o) 60)
&1 = —1. But, for resonances in the section labeled B, there is no informatioq/aln 1 -1 1 _1 _46 _44 _77 _136.6 1402
on the sign ofy. (B) The si_mulated poyvder pattern for the M2 transmembrane 1 -1 1 1 _.46 44 _.77 136.6 140.2
peptide from influenza A is plotted with the resonances fofi/alal?8, lle3?, 1 1 -1 -1 46 —44 77  —435 397
11e33, 11e3, 11e??, and I1¢*2. The_se resonances are plotted as 6 ppm by 2 kHz 1 1 -1 1 46 44 77 435 397
boxes to account for the experimental error reported ). (The resonances for val2s 1 -1 1 -1 _32 _73 _—61 _113.7 1276
Val?’, 11e32, 11e33, |Ie35_, 11e39, and Il¢*? fall in region A of the powder; hence, 1 -1 1 1 _32 73 —61 1137 1276
e1 = +1for these residues. 1 1 -1 -1 32 —-73 61 -662 524
1 1 -1 1 32 73 61 66.2 52.4
-1 -1 1 -1 -32 -.87 -.38 -1102 1124
line v=0 and contains resonances whose dipolar splitting is -1 -1 1 1 -32 .87 -3 1102 1124
greater tham; /2. Region C also resides completely on one side j 1 j _1 gg _'.8877 'g% _62'988 6(73'7%
of the linev =0. Further, the dipolar splitting of the resonances)gsz 1 -1 1 -1 —10 —-72 —-69 -97.8 1334
in region C will have the opposite sign of those in region A; 1 -1 1 1 -10 .72 —.69 97.8 133.4
s0, &1 = —1 for resonances in region C. Finally, resonances in 1 1 -1 -1 10 —-72 .69 822 46.6
region B could have either1 or —1 for &;. 33 111 1 1072 .69 822 466
In Fig. 5B, PISEMA resonances for the M2 transmembrand® i j i _11 :’;33 _'3333 :'22 _ﬂ'% 115;2255
peptide from influenza A are plotted along with the simulated 1 1 -1 -1 —33 -33 89 _1351 275
ridge plot of the powder pattern. The resonances fot'yVie®?, 1 1 -1 1 -33 .33 .89 135.1 275
l1e33, 11e%5, 1le3°, and Il€”? fall into region A of the powder pat- lle®® 1 -1 1 -1 -58 —46 —67 -—1415 1324
tern; hence the; degeneracy for each of these resonances is i *1 i 11 *-gg -:g *-%77 1:81-55 {4372-;
resolved withey = +1. 1 1 -1 1 58 46 67 385 47.6
With only this information about;, Table 1 demonstrates the |;g39 1 -1 1 -1 —32 —62 —72 —1172 1358
results of using Egs. [9], [11], and [12] to compute orientations 1 -1 1 1 -32 62 —-72 117.2 135.8
for peptide planes from PISEMA data for the M2 transmembrane 1 1 -1 -1 32 —-62 .72 628 442
peptide. Chemical shift tensor elements for individual sitesare ,, 1 1 -1 1 32 .62 .72 628 44.2
taken from (2), and the values in Table 1 are in agreement with'® -1 1 -1 =52 —d42 —74 —1409  138.0
X I 1 -1 1 1 —-52 42 —74 140.9 138.0
calculations in {2). 1 1 -1 -1 52 —42 74 -391 420
1 1 -1 1 52 42 74 39.1 420

4.3. PISA Wheels Note Computation of orientations associated with PISEMA data for the

In theory the structure of the protein backbone can be dgg transmembrane peptide from influenza A. Based solely on powder pat

. . . rn analysisg; =+1 for each given residue, except %l To satisfy the
termined, assuming standard peptlde bond geometry, from em in Eq. [10]g2 and e3 must have opposite sign. The orientation of

orientation of each peptide plane with respect to the magneditin pAF is calculated using Egs. [9], [11], and [12] and is reported as
field direction (L9, 20. The structure is determined only up tax, y, z) = (cos¢ sind, sing sind, cos).
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helix axis peptide plane geometry is computed in the appendix. ToAind
bothHAF andPAF are related to a molecular frankefor the
nitrogen in the peptide plane. The assumption is made that th
principal axiso33 always lies in the peptide plane.

The orientation oHAF with respect tdo can be described
by the polar coordinates andt of Bg in the helix axis frame,
ie.,

Bo = HAF X(p, 1) [15]
where

cosp sint
X(p, ) =| sinpsint |. [16]
cost

FIG. 6. The unit vector§ anda are two of the vectors in the helix axis By Egs. [14] and [15],
frame,HAF = (f,axT, a).

Bo = PAFAX(p, 1)

field (2). The tilt angle is determined by the shape and positiaf that
of the wheel and the rotation angle by the pattern of assigned

resonances on the wheel. X
Using Eg. ], the equations of the PISA wheels in the case y|= A)?(p, 7) [17]
a = 0 can be determined. The key is to know the orientation of z

PAF with respect to a helix axis frame&lAF. The third vector
in the helix axis frame is always the unit vectoin the direction
of the helix axis, pointing in the N- to C-terminus direction. Th
first unit vector in this frame is the vectat, perpendicular to
the helix axis and pointing from the helix axis to tReterminal
a-carbon in the peptide plane (see Fig. 6). Finally,

ives the coordinates éfo in PAF, and the associated resonance
computed by substituting Eq. [17] in Eq. [2]. For fixedthe
result gives parametric equations, parameterizeg, loj curves
called PISA wheels. PISA wheels for variousare plotted in
Fig. 7. If the helix axisa is tilted by an angle of from Bo, then
o the >N PISEMA resonance for any residue lies on the PISA
HAF = (r, axT,a), wheel corresponding to. The PISA wheels for alt fill out the
singlet powder pattern (see Fig. 7).
andHAF is a right handed, orthonormal frame.
Here, the peptide planes are numbered by the residue con-
taining the nitrogen in the plane, and so the vetiarthe helix
axis frame corresponding to a particular nitrogen points to the
a-carbon of thepreviousresidue. This scheme is important to
keep in mind; otherwise, there can be some confusion about the
interpretation of the rotation parameter determining the orienta-
tion of the helix. Also, other choices of the vectare possible,
such as the vector pointing from the helix axis to the nitrogen
or the vector pointing from the helix axis to the midpoint of the

—
o o

dipolar (kHz)
o

line joining thex-carbons. 51
For computing PISA wheels, the key is observing there is a
matrix A independent of the peptide plane such that -10f
HAF = PAFA. [14] 250 200 150 100 50 0

chemical shift (ppm)

The matrixA depends on the partlcular andy parameters FIG. 7. The singlet powder pattern is the union of the PISA wheels for

of the regulaw-helix as well as on the geome”y_ of the peptidg) ;. Here the simulation is created using the parameter vaiyes 30 ppm,
plane. The value ok for ¢ = —65° andyr = —40° with standard o2, =100 ppm,o33 =200 ppm,v; = 10.735 kHz,o = 0°, andg = 17°.
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4.4. Patterns of Resonances on PISA Wheels are the calculated frequencies. The function

In Eg. [15], the angle is the tilt of the helix axis with respect
to Bp. The angleo changes by 10etween subsequent peptide
planes; that is, if the planes are numbeked 0, 1, 2, ... with
the corresponding helix axis frame denot¢dlF, and

9o, 7) = Y Iex(po. T) — moxl?, [21]
k

where the sum is over &l for which data is available, can be

Bo = HAFy X(px. 7).

then

Pk = PO — k100.

For fixedr andpg, substituting

X

y | = AX(po — k100, 7)

z

in Eq. [2]fork =0, 1, 2, ... gives a sequence of resonances
the PISA wheel corresponding to a tilt ef(see Fig. 8). This
pattern of resonances is related to the helical wheel of the id%"i‘
helix (2, 21). Assigning any resonance to a valuekoéllows
the other resonances to be assigned antb be determined.
The valuegc andpg determine the orientation of the hglix with
respect toBg, since they determine the coordinatesBaf in

HAF,.

PISA wheels give a graphical approach for the interpretati
of the tilt 7, but the determination af and g can also be done
by least squares minimization. Supposg. are the observed

frequencies, and

mex(po, ) = T(AX(po — k100, T))

—

0

dipolar (kHz)
[8)]
=

200

chemical shift (ppm)

FIG. 8. A sequence of resonances on the PISA wheelzfer 35° and

po = —10°.

150

100

minimized as a function gfy andz to find the values giving the
orientation of the straight-helix most consistent with experi-
mental observations. Note that a similar method works if only
15N chemical shift data is availabl@Z, 23.

Using data for the M2 transmembrane peptide from influenz:
A and usingVapleto compute the first and second partial deriva-
tives of g, the second derivative test from calculus shows tha
the absolute minimum fog occurs atr = 35° andpg = —10°.
These values are in good agreement with those reported
(2, 22, 23.

5. CONCLUSIONS

Solid-state NMR PISEMA experiments are powerful tools for
%btaining high-resolution orientational information about mem-
rane protein structures. Since membrane proteins have prov
difficult to study using X-ray techniques and solution NMR,
EMA and other solid-state NMR experiments occupy ar
important place in the list of techniques for protein structure
determination. This paper adds to the methods for extractin
information from PISEMA experiments.
The PISEMA functionr is a map from orientations on the

unit sphere to the frequency plane and gives a straightforwar

on

way of computing the ridge plots of PISEMA powder spectra.
Equation [4]is animplicit equation of an ellipse thatis the singlet
powder pattern whew = 0° or when |sing| is small. This
equation can be used to plot such powder patterns without usir
Hamiltonians. For other values aefandg, powder patterns can
also be simulated without Hamiltonians by plotting the images o
several great circles on the sphere under the PISEMA fungtion

Based on the powder pattern analysisdoe 0°, four dege-
neracies are involved in determining peptide plane orientation
associated with a particular PISEMA resonance. If these sig
degeneracies can be determined or guessed, Egs. [9], [11], a
[12] demonstrate how to find orientations associated with a give
PISEMA resonance.

From the PISEMA powder pattern when= 0° or |sin§] is
small, the sign degeneraay, for the dipolar splitting can be
determined for some resonances, limiting the number of pos
sible orientations associated with these resonances. Given dz
about adjacent residues, rough estimates of torsion angles c
be computed as done by Soagal. (12). If data are available
for several adjacent residues, the algorithm presented by Quir
and CrossZ0) can be used to build all possible structures for the
residues. Thus, combining Egs. [9], [11], and [12] with previ-
ously published methods gives a significant tool for determining
possible structures associated with PISEMA data.

Finally, Egs. [19] and [20] describe the patterns of resonance
on a PISA wheel for an ideal membramehelix and are useful
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in assigning resonances and in determining thetjltand ro- and

tation (og) of a membrane helix. Analytic minimization of the

function in Eq. [21] gives an efficient method of determining 1 0 0
andpo for a helix based on given data. Based on shapes and de- Ri(#) =| 0 cosy —sind [,
termination of tilt and rotation parameters, Marassi and Opella 0 sing cosy
have shown that PISA wheels give an index of secondary struc-

tures (). Indeed, Marassi has exhibited that the typical patterns Rs(0) = (
for B-sheets in membranes also provide tilt and rotation infor- =
mation, and thes@-sheet patterns have shapes that are quite
different from the PISA wheel shapes frarrhelices 8). These . . S :
properties make PISA wheels in PISEMA spectra of oriented ThejotatlorC can be written as arotatioR(a, ¢), about unit
peptides powerful tools for qualitative assessment of second?i?Ctora by angley. Based onZ4) assume

sind cos® O

cosd —sing O
0 0 1

y
structures. «=65 B=5% y =70
APPENDIX For an ideak-helix with¢ = —65°, v = —40°, andw = 180,
This appendix describes the computation of the métrixsed 0.61
in Sections 4.3 and 4.4, giving the rotation between the helix a~| 076 [A.2]

axis frameHAF and the!®N principal axis framePAF. Both

frames are related to a molecular frafeat the peptide plane —0.21

nitrogen. The relationship d?AF to F is given by the Euler do = 100°. Th

anglesx andg. The relationship oHAF to F is computed from ande = SIS,

the geometry of the peptide plane and thandy parameters F = R(F3 100)F. [A.3]

of thea-helix. _
To define the nitrogen molecular frarke let f; be the unit
vector in the direction of the N-Cbond andw the unit vector

in the direction of the C—N bond. Take the nitrogen moleculé'i\l ! , , X .
N-terminal to the C-terminat-carbon in a peptide plane. Again

The Euclidean motion sending one peptide plane to the ne»
so depends on a translation by a virtual bond vector from th

frame to be based onZ4) assume a peptide plane geometry with-C bond

F = (f1, fa, fa), length 153A, C-N bond length 1.34, and N-G, bond length

_ _ _ o 1.45A. Using these bond lengths and the bond angle$, and
wheref; = W x f1/|W x f1], andf, = f3 x f1. y given above, the virtual bond vector from, @ subsequent

The'>N chemical shift principal axis fram@AF, is assumed C, can be writterFV, where
constantinrelationtb. Assumex = 0° andg = 17°, which are
the values corresponding to a typi¢aN chemical shift tensor 3.66
orientation for nonglycine amide$%-17). Further, let; be the v~ | —099|. [A.4]
C,—N-H angle, and assume= 117 based onZ5). Then, 0.00

010
PAF| 0 0 1| = (Gas 611,622 = FRs(—(B+17)). [A1] To define the helix axis framé&JAF, for an |deakx—hell>§, it
1 0 0 is necessary to compute the shortest vector from the initial

carbon of the peptide plane to the axis of the helix. Placing the

The computation of the helix axis framdAF, depends on N-terminala-carbon of a peptide plane at the origin, Egs. [A.3]
the geometry of the peptide plane and éhibelix. Suppose the and [A.4] show that the Euclidean transformation
exterior bond angle atGC—N is«, at C-N—GC is 8, and at N—
C,—C isy. The nitrogen molecular fran€ in the subsequent
peptide plane can be obtained frénby a sequence of rotations
along the backbone by exterior bond angjesx and 8, and
torsion angle®, ¥, andw,

% — R(F3 100X + Fv [A.5]

sends one peptide plane to the subsequent plane. Repeate!
applying this transformation to the initiatcarbon will generate
thea-carbon backbone of the helix. The shortest vector from the
F = FC, origin to the line fixed by the screw translatign-> R(U, 0)X +
b is given by Chasles’ formul&6)
where

C = Ru(¢)Rs(y)R1(¥)Rs(e)Re(w)R3(B) 2
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Applying this to Eq. [A.3] shows that the shortest vector from9. A. Ramamoorthy and S. J. Opella, Two-dimensional chemical shift/
the N-terminakx-carbon in the peptide plane to the helix axis is heteronuclear dipolar coupling spectra obtained with polarization inver-

Fb where sion spin exchange at the magic angle and magic-angle sample spinnir
P (PISEMAMAS), Solid State NMR, 387-392 (1995).
1.29 10. A. Ramamoorthy, L. M. Gierasch, and S. J. Opella, Resolved two-
. 1 e ol ’ dimensional anisotropic-chemical-shift/heteronuclear dipolar coupling
p= E(COt 50 axv+v—(a-viay~ | —1.38 powder-pattern spectra by three-dimensional solid-state NMR spectroscop
~1.27 J. Magn. Resorferies B110,102-106 (1996).

11. A. Ramamoorthy, C. H. Wu, and S. J. Opella, Magnitudes and orienta:
tions of the principal elements of tHéd chemical shift,XH-*>N dipolar
coupling, and™®N chemical shift interaction tensors #iN, 1-tryptophan

and!®N, -histidine side chains determined by three-dimensional solid-state

Then iff = —p/|p|, the helix axis frame is defined to be

—-.57 .55 .61 NMR spectroscopy of polycrystalline samplels,Am. Chem. Sod 19,
HAF = F(f.axT,a)~F| 60 —.22 .76 [A.6] 10479-10486 (1997).
.56 80 -.21 12. Z. Song, F. A. Kovacs, J. Wang, J. K. Denny, S. C. Shekar, J. R. Quine

and T. A. Cross, Transmembrane domain of M2 protein from influenza A
studied by solid-staté®N polarization inversion spin exchange at magic

Thus, foranideak-helixwith¢ = —65°, ¢ = —40°,a = 0°, angle NMR Biophys. J79. 7676-775 (2000).

andg = 17, Eqgs. [A.6] and [A.1] give

13. W. Mai, W. Hu, C. Wang, and T. A. Cross, Orientational constraints as
; three-dimensional structural constraints from chemcial shift anisotropy: The
A = PAF HAF polypeptide backbone of gramicidin A in a lipid bilayBrptein Sci2,532—
010 542 (1993).
. s s oo 14. D. K. Lee, R. J. Wittebort, and A. Ramamoorthy, CharacterizatiotPiif
=10 0 1JRs(B+mn)(T.axt.a) [A7] chemical shift andH-15N dipolar coupling interactions in a peptide bond of
1 00 uniaxially oriented and polycrystalline samples by one-dimensional dipolal
chemical shift solid-state NMR spectroscofyAm. Chem. Sot20,8868—
~ 0.56 080 -0.21 15. C. J. Hartzell, M. Whitfield, T. G. Oas, and G. P. Drobny, Determination
—-0.04 -022 -0.97 of the'®N and!3C chemical shift tensors of L1{Clalanyl-L-[**N]alanine
fromthe dipole-coupled powder patterdsim. Chem. Sot09,5966-5969
1987).
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